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Motivated by the recent observation and argument on a large half-quantum vortex (HQV) pair
connencted by a Kibble wall in superfluid 3He in nematic aerogels, we numerically study to what
extent a huge HQV pair can intrinsically occur with no pinning effect due to the aerogel structure
in the polar-distorted B (PdB) phase of superfluid 3He. By fully examining the impurity-scattering
induced pairing vertex, the emergence of Anderson’s Theorem in the p-wave superfluid is verified
in the two opposite limits, the isotropic and strongly anisotropic limits. Solving numerically the
resulting Ginzburg-Landau (GL) free energy in the weak-coupling approximation and by taking
account of the Fermi-liquid (FL) corrected gradient terms, the anisotropy dependence of the vortex
structure minimizing the free energy is examined. It is found that, close to the transition between
the polar and PdB phases, an interplay of the strong anisotropy and the FL correction makes
emergence of a large HQV pair in the PdB phase possible, and that, nevertheless, such a large pair
easily shrinks deep in the PdB phase, indicating that a pinning effect due to the aerogel structure is
necessary in order to keep a large pair size there. The obtained result indicates the validity of the
London limit for describing the vortex structure, and a consistency with the picture based on the
NMR measurement is discussed.
PACS numbers:
I. INTRODUCTION
The recent observation of half-quantum vortices
(HQVs) [1] in the polar superfluid phase, proposed to
appear in superfluid 3He in anisotropic aerogels through
a model calculation [2] assuming a weak anisotropy and
experimentally discovered in nematic aerogels [3], has
opened a new door for studying possible vortices in a
fermionic superfluid phase. A nematic aerogel has its
strands aligned to one direction and can be regarded,
broadly speaking, as a collection of line-like obstacles.
The HQV has originally been expected to be realized in
the thin film configuration of the chiral superfuid A phase
with its orbital angular momentum locked perpendicu-
larly to the film plane [4, 5]. However, the chiral A phase
is realized with the help of the strong-coupling correction
which is effective at higher pressures, while it has been
clarified [6] that the HQV tends to be destabilized by the
strong coupling correction. Fortunately, the polar phase
realized in the nematic aerogel has a wider temperature
range of its stability at relatively lower pressures, and
hence, a superfluid 3He in the nematic aerogels becomes
the best playground for studying this novel topological
object.
Recently, experimental investigation on the vortices in
the nematic aerogel has been extended to lower temper-
atures [7], and the HQVs have been found through the
NMR measurements to survive in the A pand B phases
realized at lower temperatures in the nematic aerogels.
Since such A and B phases in the nematic aerogel are
distorted by the anisotropy of the scattering events due
to the aerogel structure, the resulting A and B phases
will be called hereafter as the polar-distorted A (PdA)
and PdB phases following Ref.[7], It has been suggested
that the detected HQV-pairs do not change their posi-
tions upon both the cooling from and the warming to
the polar phase, and hence that, since in their rotated
experiments the rotation axis is parallel to the direction
to which the strands are aligned, realization of such sur-
prising events is largely supported by a strong pinning
effect due to the line-like aerogel structure [7]. There,
however, just the method of analyzing the NMR data
on the basis of a hypothetical description of the vortex
structure in the London limit has been presented, and
the validity of their London description has not been ex-
amined. We note that a similar anisotropic growth of
the half-core structure of the double-core vortex occur-
ring upon cooling in the context of the superfluid 3He
in isotropic aerogels cannot be described based on the
London limit [8]. Therefore, it is natural to ask to what
extent the huge HQV pairs realized in the PdA and PdB
phases are intrinsically stable and whether the descrip-
tion in the London limit is justified or not.
In the present work, we start with reformulating the
Ginzburg-Landau (GL) approach for describing the su-
perfluid 3He in anisotropic aerogels by extending the
weakly anisotropic model [2] of the impurity-scattering
potential to the strongly anisotropic case appropriate for
the situations in the nematic aerogel [1, 3, 9]. Using
the resulting GL free energy, stable vortex solutions are
studied in both the polar and PdB phases in strongly
anisotropic cases. Throughout this work, we focus on
the weak-coupling approximation neglecting the strong-
coupling correction to the bulk free energy terms be-
cause incorporating the strong-coupling correction in the
strongly anisotropic case has not been formulated so far.
For this reason, the PdA phase never appears in the
present results, and we have only a direct continuous
transition between the polar and PdB pairing states.
Since our model covers, in the weak-coupling approxi-
mation, the well-known isotropic case which has essen-
tially the same vortex solution as in the bulk liquid case,
2we study how the nonaxisymmetric double-core vortex
is changed and stabilized with increasing the anisotropy
on the impurity-scattering process. The core structure of
the double-core vortex is often called as a half-core pair,
because, under an appropriate condition, the description
of the half-core pair based on the London limit, i.e., a
HQV pair connected by a planar wall [10] becomes ap-
propriate. Throughout this work, the double-core vortex
will be identified with a HQV pair only when the planar
wall is well defined and clearly visible. It is found that, as
the anisotropy is increased, the description in the London
limit of the order parameter profiles of one HQV-pair be-
comes better. Further, as the anisotropy is increased, the
separation between the two HQVs forming one pair is in-
creased and, in particular, becomes macroscopic close to
the transition temperature TPB between the polar and
PdB phases. However, this size rapidly shrinks upon
cooling from TPB, accompanying an increase of the ten-
sion of the Kibble wall of the polar-distorted planar state
[11] upon cooling. It implies that, deep in the PdB phase,
a HQV pair with a macroscopic size is not naturally
stabilized and hence, justifies the picture [7] of a HQV
pair stabilized by the pinning due to the line-like aerogel
structure.
The present paper is organized as follows. In sec.II, the
vertex correction to the pairing process is explained in de-
tails together with the model of the impurity scattering
used in this work. In sec.III, the resulting GL free energy
affected by the impurity effects is explained. In sec.IV,
it is explained how a HQV pair in the PdB phase is sta-
bilized within the description in the London limit. Our
numerical results and detailed discussions about them are
presented in sec.V, and a summary and discussions are
given in sec.VI. Details on the impurity-induced vertex
correction and its effects on the O(|∆|4) gradient terms
are explained in two Appendices.
II. MODEL OF IMPURITY SCATTERING
Our microscopic analysis for deriving the GL free en-
ergy is based on a BCS Hamiltonian with the nonmag-
netic and random scattering potential term of the form
Himp =
∫
r
ψ†σ(r)u(r)ψσ(r). (1)
Here we focus on the case in which the scattering process
is nonmagnetic, since the local surface of the aerogel is
implicitly assumed to be entirely coated by 4He so that
the spin-flip scattering between the solid 3He on the sur-
face and the quasiparticles of the liquid 3He is ineffective.
Regarding the random averaging over u(r), the Fourier
transform u(k) of u(r) is assumed to have zero mean and
the mean-squared average
|uk|2 = 1
2πN(0)τ
w(k). (2)
= +
FIG. 1: Diagram expressing the Bethe-Salpeter equation the
vertex function Λ (triangle) obeys. The straight solid lines
mean normal Green’s functions, and the impurity average of
the squared random potential is expressed by a dashed line
with a cross.
In the original work [2], a weak anisotropy has been
incorporated in w(k) in the form
w(k) = 1− δkˆ2z , (3)
where kˆz = kz/kF. The positive constant δ in eq.(3) cor-
responds to−δu in Ref.[2] where a narrow polar phase has
been proposed to appear in an aerogel sample stretched
along the z-direction. For this reason, the z-axis will be
called as the polar axis. Hereafter, as an extention of
this impurity-scattering model to the case in a strongly
anisotropic aerogel, the following model on w(k) will be
used:
w(k) =
1 + (
√
δ − 1)θ(δ − 1)
1 + δkˆ2z
. (4)
In the weakly anisotropic limit where δ ≪ 1, this expres-
sion reduces to eq.(3), while, in the opposite strongly
anisotropic limit where δ → +∞, eq.(4) approaches the
quantity
w∞(k) = πkFδ(kz). (5)
The factor
√
δ in eq.(4) in δ ≥ 1 is necessary to obtain
a physically reasonable limit of the quasiparticle relax-
ation rate in δ → ∞. Equation (5) implies that, in the
limit of strong anisotropy, the scattering event is specu-
lar along the polar axis. This corresponds to the model
proposed by Fomin [12] regarding the nematic aerogels
as a collection of columnar defects.
To derive a GL free energy incorporating the scatter-
ing processes via the anisotropic aerogel structure with
any strength of the anisotropy, we need a renormal-
ized pairing vertex Λj replacing the bare pairing ver-
tex pˆj = pj/kF, which depends not only on the relative
momentum p but also on the center-of-mass momentum
k and the fermion Matsubara frequency ε. The Bethe-
Salpeter equation sketched in Fig.1
Λj(pˆ;k) = pˆj +
1
2πN(0)τ
∫
p′
Λj(pˆ
′;k)
× Gε(p′ + k/2)G−ε(−p′ + k/2)w(p− p′)(6)
3for Λj can be solved in a closed form by assuming Λj to
take the expression
Λj(pˆ;k) = pˆj(δ
(z)
ij + zˆj(zˆiC(k) + vkivkzC1z) )
− isεvkj( δ(z)ij B(pˆz) + zˆizˆj(B(pˆz) +D(pˆz) ) ),(7)
where
Gε(p) = (iε˜p − ξp)−1 (8)
is the Matsubara Green’s function with the self energy
term including the impurity scattering, ξp is the quasi-
particle energy, and ε˜p will be given by eq.(31) in Ap-
pendix. Further, δ
(z)
ij = δij − zˆizˆj, sε = ε/|ε|, vpˆj is the
Fermi velocity, and
C(k) = C0(ε) + C21(ε)v
2k2 + C2z(ε)v
2k2z ,
B(pˆz) = B0(ε) + ∆B(ε)pˆ
2
z ,
D(pˆz) = D0(ε) + ∆D(ε)pˆ
2
z. (9)
The general form of Λj is involved and will be pre-
sented in Appendix. Here, just its limiting expressions
will be explained. First, in the isotropic limit where
δ → 0, C0 → 1, and other coefficients except B0 van-
ish. Then, Λj reduces to
Λ
(0)
j = δij
(
pˆj − isεvkj 1
12τ |εε˜0|
)
, (10)
where |ε˜0| = |ε|+1/(2τ). As stressed elsewhere [8], the di-
vergent behavior proportional to |ε|−1 in the second term
is a consequence of cancellation between the quasiparticle
relaxation rate and the impurity-ladder vertex correction
and is the origin of the impurity scattering-independent
transition temperature in the s-wave superconductor. In
this sense, this cancellation may be regarded as one ana-
log of the Anderson’s theorem [13, 14] in the s-wave su-
perconductor.
In the opposite limit where δ → +∞, i.e., the limit of
strong anisotropy, the coefficients in Λj have the follow-
ing limiting values:
B0 ≃ −∆B = −D0 = π
16|εε˜∞|τ ,
∆D ≃ −D0 + π
8ε2τ
,
C0 ≃ |ε˜∞||ε| ,
C21 ≃ − π
32ε2|ε˜∞|τ ,
C1z ≃ − π
16ε˜2∞|ε|τ
(
1 +
π
8|ε|τ
)
, (11)
and C2z = −C21−C1z , where |ε˜∞| = |ε|+π/(4τ). Then,
Λj approaches
Λ
(∞)
j = δ
(z)
ij (pˆj − isε
π
16|εε˜∞|τ vkj pˆ
2
⊥) + zˆizˆj
|ε˜∞|
|ε|
×
[
pˆj
(
1− π
32ε˜2∞|ε|τ
v2k2⊥
)
− isεpˆ2z
π
8|εε˜∞|τ vkj
]
− δ(z)ij kj
π
16ε˜2∞|ε|τ
(
1 +
π
8|ε|τ
)
v2pˆzkz (12)
where pˆ2⊥ = 1− pˆ2z. We note that the second term of |ε˜∞|
corresponds to the imaginary part of the self energy of
the normal Green’s function. The k2⊥ term in eq.(11) sug-
gests the presence of a diffusion pole (2|ε|+ v2τk2/π)−1.
Consequences of Λ
(∞)
j are reflected in each term of the
GL free energy which will be given in the next section
and Appendices.
III. RESULTING GL FREE ENERGY
We will use an appropriate GL free energy to numeri-
cally study the vortex solutions stable in anisotropic aero-
gels. As has been assumed in Ref.[6], the terms arising
from spatial variations of the superfluid transition tem-
perature Tc and acting as a pinning potential of a vortex
will be neglected in the free energy terms written by the
order parameter field Aµi. Further, any term associated
with the repulsive channel of the quasiparticle interac-
tion will be neglected in this section. Then, the GL free
energy FGL = F2 + F4 in the presence of the impurity-
scattering effect, as usual, consists of the quadratic term
F2/Ω =
∑
q
[
N(0)
3
(
ln
(
T
Tc0
)
+ T
∑
ε
π
|ε|
)
δi,j
− T
∑
ε
∫
p
pˆiΛj(pˆ,q)Gε(p+ q/2)G−ε(−p+ q/2)
]
× A∗µi(q)Aµj(q), (13)
and the quartic term
4F4/Ω =
1
2
[
A∗µiAµjA
∗
νkAνl −A∗µiAνjA∗µkAνl +A∗µiAνjA∗νkAµl
]
× T
∑
ε
∫
p1
∫
p2
∫
p3
∫
p4
Λi(pˆ1; 0)Λj(pˆ2; 0)Λk(pˆ3; 0)Λl(pˆ4; 0)Gε (p1)G−ε (−p1)Gε (p3)G−ε (−p3)
×
(
δp1,p2δp1,p3δp1,p4 + δp1,p4δp2,p3Gε (p1)Gε (p2) |up1−p2 |2 + δp1,p2δp3,p4Gε (p1)Gε (p3) |up1−p3 |2
)
,
(14)
where Ω is the volume, and, for simplicity, F4 was written
here by assuming the order parameter to be spatially
uniform. Up to the lowest order in the spatial gradient,
one can separate F2+F4 into the bulk energy contribution
Fbulk =
∫
r
fbulk, where
fbulk = (α+ (αz − α)δiz)AµiA∗µi + β(0)1 |AµiAµi|2 + β(0)2 (AµiA∗µi)2 + β(0)3 A∗µiA∗νiAµjAνj
+β
(0)
4 A
∗
µiAνiA
∗
νjAµj + β
(0)
5 A
∗
µiAνiAνjA
∗
µj + βz|AµzA∗µz |2
+[β
(1)
1 AµiAµiA
∗
µzA
∗
µz + β
(1)
2 AµiA
∗
µiAµzA
∗
µz + β
(1)
3 A
∗
µiA
∗
νiAµzAνz
+β
(1)
4 A
∗
µiAνiA
∗
νzAµz + β
(1)
5 A
∗
µiAνiAνzA
∗
µz + c.c.], (15)
and the gradient terms. In the case of weak anisotropy
where δ ≪ 1, the β(1)n (n = 1, · · ·, 5) terms appear in
O(δ), while βz term first appears in O(δ
2).
Among the gradient terms, the free energy density cor-
responding to the contributions from F2 consist of the
following seven terms:
fgrad = 2K1∂iAµi∂jA
∗
µj +K2∂iAµj∂iA
∗
µj +K3∂zAµi∂zA
∗
µi
+ K4∂iAµz∂iA
∗
µz +K5(∂iAµi∂zA
∗
µz + c.c.)
+ K6∂zAµz∂zA
∗
µz . (16)
General expressions on the coeffients in the GL free
energy are involved and will be presented in Appendix.
Here, their limiting behaviors in the limits of weak
anisotropy, δ → 0, and of strong anisotropy, δ → ∞ will
be explained together with their implication. In δ → 0
limit, up to O(δ), βz vanishes, and the remaining GL co-
efficients of fbulk reduce to those given in Ref.[2]. In the
isotropic (δ → 0) limit, the four coefficients of fgrad, Kj
(j = 3, · · ·, 6), vanish, while K1 and K2 coincide with
those given in Ref.[8]. Among them, K1 logarithmically
diverges upon cooling, reflecting the cancellation between
the relaxation rate and the pairing vertex mentioned in
sec.II.
In contrast, in the δ →∞ limit, the coefficients in fbulk
have the following limiting values :
α ≃ 1
3
N(0)
[
ln
(
T
Tc0
)
+ ψ
(
1
2
+
1
8τT
)
− ψ
(
1
2
)]
,
αz ≃ 1
3
N(0)ln
(
T
Tc0
)
,
(17)
β
(0)
3 = −2β(0)1 ≃
πT
15
N(0)
∑
ε>0
1
|ε˜∞|3 ,
β
(0)
2 = β
(0)
4 = −β(0)5 ≃ β(0)3 −
π2T
60τ
N(0)
∑
ε>0
1
ε˜4∞
,
β
(1)
3 = −2β(1)1 ≃ −β(0)3 +
πT
15
N(0)
∑
ε>0
1
ε2|ε˜∞| ,
β
(1)
2 = β
(1)
4 = −β(1)5 ≃ β(1)3 +
π2T
60τ
N(0)
∑
ε>0
1
ε˜4∞
(
1− ε˜
2
∞
2ε2
)
,
β
(0)
12345 + 2β
(1)
12345 + βz ≃
πT
10
N(0)
∑
ε>0
1
|ε|3 , (18)
where β12345 = β1+ β2 + β3 + β4 + β5. It can be verified
that β
(1)
n and βz vanish in the true clean limit where
τ−1 = 0.
The fact that αz approaches its result in the impurity-
free bulk liquid is a consequence of the specular scatter-
ing along the polar axis (see eq.(5)) and implies that the
5superfluid transition temperature Tc between the nor-
mal phase and the polar pairing state is not affected by
the impurity scattering in the limit of strong anisotropy.
Thus, this αz-expression can be regarded as another ana-
log of the Anderson’s theorem [13] in the s-wave su-
perconductor [12, 15, 16]. Consistently with the be-
havior of αz , the last line of eq.(18) which is the co-
efficient of the quartic bulk term associated with the
description of the polar phase also becomes indepen-
dent of τ . Therefore, the squared amplitude of the
order parameter |∆polar|2 = A∗µzAµz which becomes
−αz/(β(0)12345+2β(1)12345+βz) within the present GL treat-
ment is also independent of τ [15]. Such an impurity-free
nature at the polar to normal transition does not hold
at the transition temperature to another pairing state at
lower temperatures [12, 16].
As stressed elsewhere [16], the above-mentioned
impurity-free thermodynamic behavior of the polar pair-
ing state at finite temperatures is approximatedly seen
if δ ≥ 5. So, even in aerogels to be modelled by a fi-
nite δ, the model in the limit of strong anisotropy can be
conveniently used for theoretical descriptions.
Due to the nonvanishing δ, as seen in eq.(16), the
quadratic gradient energy fgrad consists of the six invari-
ants, and the corresponding six coefficients remain non-
vanishing even in the limit of strong anisoropy (δ →∞).
In low T limit, all coefficients remain nonvanishing, and
their leading terms in low T limit become
K1 ≃ π
2Tv2
120
N(0)
∑
ε>0
1
|ε|τ |ε˜∞|3 ,
K4 ≃ π
2Tv2
48
N(0)
∑
ε>0
1
|ε|2τ |ε˜∞|2 ,
K5 ≃ π
2Tv2
480
N(0)
∑
ε>0
1
|ε|2τ |ε˜∞|2
(
1 +
5
4
π
|ε˜∞|τ
)
.
(19)
Further, the coefficient of ∂zA
∗
µz∂zAµz which arises from
the sum of the K4, K5, and K6 terms approaches
π2Tv2
80
N(0)
∑
ε>0
1
ε2ε˜2∞τ
. (20)
The divergent behaviors ∼ ε−2 in low T limit of eq.(20)
corelates with the τ -independent ∼ −|ε|−1 behavior lead-
ing to the |lnT | contribution in αz. In contrast, K2 and
K3 reduce to finite values in low T limit.
IV. DESCRIPTION OF HQV PAIR IN PDB
PHASE IN LONDON LIMIT
To correctly understand the order parameter struc-
tures of a HQV pair obtained numerically, it is useful
to have an intuitive image of a HQV pair by describing
it in the London limit where the order parameter Aµj is

C
[
ZC C

D
O O
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FIG. 2: (a) A single HQV (solid dot) in a B phase described
in the x-y plane. To make the order parameter Aµ,j single-
valued, its one component must vanish on the string (solid
line). (b) A pair of HQVs in a B phase is accompanied by
the string on which Aµ,j becomes the two-dimensional planar
state. This planar string has the length ≃ 2am and a width
2ξw if this HQV pair is well defined. In the double-core vortex
in the bulk liquid, the string shrinks, and the planar state
appears only at the center of the vortex, i.e, the origin (see
sec.V).
described in terms of the angle variables while keeping
the overall amplitude fixed. Hereafter, we focus on the
HQV lines extended along the polar axis zˆ.
First, let us review how to describe a single HQV [10].
By expressing a relative rotation around the x-axis be-
tween the orbital and spin frames in terms of the rotaion
matrix (Rx(θ))µν = xˆµxˆν+δ
(x)
µν cosθ−εxµνsinθ, the order
parameter in the PdB phase in an environment with a
uniaxially stretched anisotropy is expressed following the
notation in Ref.[17] as
Aµj = |∆|eiΦ(Rx(θ))µν
(
c√
2
δ
(z)
νj +
√
1− c2zˆν zˆj
)
=
|∆|√
2
eiΦ

c 0 00 c cosθ −√2(1− c2) sinθ
0 c sinθ
√
2(1− c2) cosθ

 , (21)
where c (0 ≤ c ≤
√
2/3) is the parameter playing the
role of the order parameter of the PdB phase, δ
(x)
µν =
δµν − xˆµxˆν , and the over all phase Φ was introduced. A
single HQV localized at the origin is expressed by choos-
ing Φ = θ = φ/2. Then, the corresponding order param-
eter becomes
Aµj =
|∆|√
2
[
ceiφ/2xˆµxˆj+
√
1− c
2
2
(
eiφeˆ−µeˆ
′
+j+eˆ+µeˆ
′
−j
)]
,
(22)
where the unit vectors eˆ±µ = (yˆ ± izˆ)µ/
√
2, and eˆ′±j =
(cyˆ± i
√
2(1− c2)zˆ)j/
√
2− c2 were introduced. The fact
that only Axx does not become a single-valued com-
ponent upon circling the vortex center implies that, as
sketched in Fig.2(a), Axx inevitably vanishes on a wall
corresponding to a branch cut with a fixed φ-value. In
other words, a polar-distorted planar phase is realized on
the wall [10, 11]. The above expression of the order pa-
rameter in the London limit is easily generalized to the
6case with a HQV pair. Since we should consider a HQV
pair to be compared with the ordinary phase vortex with
an integer winding number of the phase, the angle vari-
ables Φ and θ will be chosen in the manner
Φ =
φ+ + φ−
2
, θ =
φ+ − φ−
2
(23)
where φ± = tan
−1[y/(x ∓ a)]. Then, eq.(22) is replaced
by eq.(21) with eq.(23), i.e.,
Aµj =
|∆|√
2
[
cei(φ++φ−)/2xˆµxˆj +
√
1− c
2
2
(
eiφ+ eˆ−µeˆ
′
+j
+ eiφ− eˆ+µeˆ
′
−j
)]
. (24)
In this case sketched in Fig.2(b), the expression of Axx
impies that the order parameter in |x| > a is continuous
through the x-axis, while the wall is necessary in |x| < a.
In the polar limit where c→ 0, this expression reduces to
the order parameter of the polar phase with the d-vector
dµ = zˆµcosθ − yˆµsinθ.
Next, the dependence of the HQV pair’s energy on the
HQV pair size 2a will be considered using the gradient
energy terms. The a-dependent contribution of the vor-
tex energy will be denoted as ∆FL(a) = F (a) − F (ξc),
where ξc is a cut off length corresponding to the core
size of a HQV over which the London limit may be used.
Since only the vortex lines straight along the z-axis are
considered, any gradient terms including the gradient ∂z
are neglected. If our attention is paid only to such terms
in the quadratic gradient energy of eq.(16), the corre-
sponding ∆FL(a) becomes
∆F
(2)
L (a) = −
π
2
c2|∆|2(K1 +K2)ln
(
2a
ξc
)
(25)
in clean limit where τ−1 = 0, where K1 + K2 ≃
7ζ(3)ξ20N(0)T
2
c0/(30T
2), and ξ0 = v/(2πTc0). The corre-
sponding results in the two limits of eq.(25) are already
known: Such an energy gain of the double-core vortex
relative to the so-called o-vortex [18] in the bulk B phase
is given by eq.(25) with c2 = 2/3 [8, 10]. Further, the fac-
tor c2 in eq.(25) is consistent with the vanishing ∆F
(2)
L (a)
in the opposite polar limit where c = 0 [6]. It can be
checked that the nonvanishing eq.(25) proportional to
c2 follows only from spatial variations of Axx which is
negligible in the polar phase. As shown in Ref.[6], the
negative ∆FL(a) in the polar limit occurs only from the
gradient term expressing the Fermi-liquid (FL) or spin-
fluctuation correction, and the corresponding contribu-
tion to ∆FL(a) is given, in the FL model, by [6]
∆F
(4)
L (a) ≃
c−2
30
Γs1|ψ(2)(1/2)|
(
Tc0|∆|
πT 2
)2
∆F
(2)
L (a)
≃ −0.1πΓs1
(
Tc0|∆|
πT 2
)2
ξ20N(0)|∆|2ln
(
2a
ξc
)
,(26)
where the next order terms of O(c2) were neglected.
Here, ψ(2)(1/2) = −14ζ(3), and Γs1 = F s1 /(1 + F s1 /3)
is the pressure-dependent constant of order unity with
a Landau parameter F s1 (> 0). Thus, the energy gain
corresponding to an attractive force in a HQV pair is
dominated by the FL correction term rather than the or-
dinary weak-coupling terms in the strongly anisotropic
PdB phase with a low enough |c|-value.
In the present PdB phase, we also have an energy cost
due to the planar wall. This contribution due to the
nonzero Axx is estimated like
∆Fw(a) ≃ 0.1N(0)ξ20 |∆ c|2a/ξ(T ), (27)
where ξ(T ) = ξ0(N(0)/|α|)1/2. The coefficient ∆Fw(a)/a
measures the line tension of the wall per unit length. By
optimizing the sum ∆F
(2)
L +∆F
(4)
L +∆Fw w.r.t. a, the
pair size to be realized is given by
2am ≃ c−2 2Γ
s
1
π
( |∆|
T
)2
ξ(T ). (28)
In this way, It is expected in the London limit that the
size of a HQV pair, am, i.e., the longer radius of the
elliptical core of the double-core vortex, is a microscopic
scale in the bulk B phase, while, in a strongly anisotropic
PdB phase close to TPB where |c| ≪ 1, the pair size may
become a macroscopic one. This result will be used to
explain the content of our numerical results in the next
section.
If, as in the conventional GL approach [17–22], the
FL corrected gradient term is neglected, the HQV pair
size would remain microscopic so that the presence [7] of
a macroscopic HQV pair in the PdB phase could not be
explained. The appearance of a macroscopic HQV pair in
the PdB phase is a combined effect of a strong anisotropy
and the FL correction to the free energy.
V. NUMERICAL ANALYSIS AND RESULTS
In our numerical study, the GL model we use consists
of the three contributions to the free energy density, fbulk,
fgrad, defined in sec.III, and the additional O(|∆|4) con-
tributions f
(4)
grad. Before proceeding to discussing about
our numerical results, comments on the O(|∆|4) gradient
terms [6] have to be given.
Among the two terms composing f
(4)
grad, the stability of
HQVs in the polar and A phases is determined by the
contribution arising from the repulsive channel of the in-
teraction between the quasiparticles to f
(4)
grad. Hereafter,
to simplify our description, we will use the Fermi liquid
(FL) model of such an interaction contribution to f
(4)
grad
for our numerical study. The corresponding gradient en-
ergy contribution f
(4)
FL , described in Fig.3(a), has been de-
rived in Ref.[6] by neglecting the anisotropy effects and,
in the limit of strong anisotropy, takes the form
7f
(4)
FL=
N(0)
450
Γs1(πv)
2
(
T
∑
ε>0
1
ε˜3∞
)2[
(∇ · Aµ)(∇ · A∗λ)A∗µiAλi + (∇Aµi) · (∇A∗λj)A∗µiAλj + (Aλ · ∇)A∗λi(A∗µ · ∇)Aµi
−
(
(∇A∗µi) · (∇A∗λj)AµiAλj + (Aµ · ∇)A∗µi(Aλ · ∇)A∗λi + (∇ · A∗µ)(∇ ·A∗λ)AµiAλi
)
+ 2
[
(∇ ·Aµ)(A∗µi(Aλ · ∇)A∗λi +Aλi(A∗µ · ∇)A∗λi) +A∗µi((Aλ · ∇)A∗λ · ∇)Aµi
−
(
(∇ · A∗µ)(Aλi(Aµ · ∇)A∗λi +Aµi(Aλ · ∇)A∗λi) +Aλi((Aµ · ∇)A∗µ · ∇)A∗λi
)]
+ c.c.
]
, (29)

C 
D
FIG. 3: (a) Diagram giving the FL-correction to the gradient
energy. The rectangle denotes the vertex part representing
the renormalized interaction between the quasiparticles. (b)
One example of a vertex correction to the weak coupling quar-
tic order term (Gor’kov box).
where the spin-antisymmetric Landau parameter Γa1 was
assumed to be negligibly small [6]. The corresponding
expression in the isotropic case where δ = 0 is given by
replacing ǫ˜∞ in eq.(29) by ǫ˜0. Although eq.(29) does
not include the anisotropy parameter δ explicitly, the
anisotropy-induced vertex correction with C0 − 1 as a
coefficient is, as is explained in Appendix, safely negligi-
ble even in the limit of strong anisotropy.
Another contribution to f
(4)
grad arises from the ordi-
nary weak-coupling O(|∆|4) term, the so-called ”Gor’kov
box”, unaccompanied by a repulsive interaction between
quasiparticles (see Fig.3(b)). This contribution includes
all the terms including those expressed by C21, B0, and
∆B, in the vertex correction Λj. As is explained in re-
lation to Fig.7(a), however, these vertex corrections are
also safely negligible. This has been concluded through
the full numerical results, although it is already known
[6] that these anisotropy-induced terms unaffect the re-
sulting size of the HQV pair irrespective of the anisotropy
value. Therefore, regarding f
(4)
grad to be added to fbulk and
fgrad, its expression in the isotropic case, i.e., eq.(52) in
Ref.[6] has been used to obtain numerical results even in
the case with a strong enough anisotropy.
To numerically examine how the double-core vortex
becomes stable as a HQV pair, we follow the previous
work on the double-core vortex in the B phase in the
isotropic aerogel [8]: First, eq.(24) is used as the initial
condition for searching a half-core pair with the lowest
energy at fixed values of the temperature and pressure.
This London solution, eq.(24), has a fixed size 2a of the
HQV pair as a parameter. Alternatively, the texture of
the order parameter at the outer boundary is initially set
by a fixed a-value. The variational equations of the GL
free energy explained above are solved to obtain the so-
lution minimizing the energy for each a-value according
to the direct two-dimensional method [19], i.e., by as-
suming the vortices to be straight line objects extending
along the z-axis. During this procedure, we have checked
that the size of the half-core pair of the resulting double-
core vortex solution almost coincides with the 2a value at
the initial condition. Thus, in examining the dependence
of the vortex energy
∆F (a) = F (a)− F (0) (30)
on the a-value introduced as the intial condition below,
this a can be identified with the half of the resulting
size of the half-core pair. Here, ∆F (a) corresponds to
∆FL(a) introduced in the London limit. In the language
of the vortices in the bulk B phase, the F (0) corresponds
to the free energy of the so-called o-vortex [18].
In our computaions studying the vortices extending
along the z-axis, the system size in the x (y) direction was
fixed to 24 (1.2) (µm) in the layout sketched in Fig.2(b).
The pressure dependence of the system is incorporated
through that of the bulk transition temperature Tc0 and
the Fermi velocity v [21]. The dimensionless strength
of the impurity scattering is (τTc0)
−1 which is enhanced
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FIG. 4: Numerical results for δ = 0.05. (a) P v.s. T phase
diagram. The red solid curve is the superfluid transition curve
Tc(P ) between the polar and normal phases, while the blue
one is TPB(P ) and is quite close to Tc(P ). (b) The a v.s.
∆F (a) curves at P = 9(bar) and at T = 1.447 (red plus
symbols) and 1.469 (blue cross symbols) (mK). The a-value,
am, minimizing ∆F (a) in each case is given in Table I to
be given later. For comparison, the corresponding curve at
1.447(mK) in the case with no FL correction is shown by the
solid red curve which indicate am = 0.24(µm).
with decreasing the pressure reflecting the pressure de-
pendence of Tc0 [8, 22].
Throughout the present study, the dipole energy is not
taken into account. The neglect of the dipole energy is
justified in the case of weaker anisotropy where the re-
sulting size of the half-core pair is much smaller than the
dipole length ξD ∼ 10(µm). In contrast, a HQV pair re-
sulting from a strong enough anisotropy may have a size
of the order of ξD over which the dipole energy affects
spatial patterns of the θ-variable, defined in eq.(21), in
the PdB phase [7]. However, one will see below in this
section that the London limit becomes a better descrip-
tion as a HQV pair typically grows accompanying the
increase of the anisotropy. Then, the dipole energy has
only to be taken into account in a decription starting
from the London limit [7].
Hereafter,as our numerical results at some δ-values, we
will present ∆F (a) data and x and y dependences of each
component of the order parameter Aµ,j of the vortex so-
lution minimizing ∆F (a). The τ−1-value will be fixed
to 0.13(mK) hereafter. First, the δ = 0.05 case is dis-
cussed as a typical example of superfluid 3He in a weakly
anisotropic aerogel. Figure 4 (a) and (b) express the cor-
responding phase diagram and the a v.s. ∆F (a) curves
at T = 1.469 (mK) close to TPB and 1.447(mK) at a fixed
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FIG. 5: Spatial variations of Aµj components for δ = 0.05 on
sweeping (a) along the x-axis and at y = 0 at am ≃ 0.6(µm)
when T = 1.469(mK) and P = 9(bar) and (b) along the y-
axis and at x = 0. Here, the vortex center is at (0, 0). The
Aµj components other than the nonvanishing five components
in the London representation, eq.(21), are expressed by the
dotted curves and a red dashed curve.
pressure P = 9 (bar), while Fig.5(a) and (b) present spa-
tial variations of each component of Aµ,j on sweeping
along the x and y axis, respectively. Here, the HQV pair
is always assumed to be initially set as in Fig.2(b), and
the origin is the center of the HQV pair. Further, by
symmetry, just the region in x ≥ 0 and y ≥ 0 is shown.
As Fig.4(a) shows, the polar phase region in this δ =
0.05 case is extremely narrow, and TPB and Tc curves are
quite close to each other. In Fig.4(b), the dependence of
the vortex core energy ∆F on the initial value 2a of the
half-core pair size is presented for the two values of c(T ).
As Fig.6(b) shows, the parameter c playing the role of the
order parameter in the PdB phase grows upon cooling.
The 2a value minimizing ∆F corresponds to the half-
core pair size 2am to be realized. Closer to the phase
boundary TPB at which c vanishes, the am value becomes
larger as suggested by eq.(28), Further, as the solid curve
in Fig.4(b) shows, the conventional GL free energy with
no FL correction term eq.(29) results in a smaller size
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FIG. 6: Numerical results for δ = 4.4. The pressure P v.s.
temperature T phase diagram (a) in which the red curve is
the superfluid transition curve Tc(P ) between the polar and
normal phases, and the blue one is TPB(P ). The figure (b)
shows the temperature dependence of the ”order parameter”
c in the PdB phase at the pressures P = 3.0 (bottom), 9.0,
and 15.0 (top) (bar).
2am = 0.48(µm) of the half-core pair [8, 23]. Such a
correlation-induced growth of the half-core pair size has
been pointed out elsewhere [8, 23]
Figure 5 (a) and (b) show spatial variations of Aµj on
sweeping along the x and y axis, respectively, for c = 0.2
and δ = 0.05. Broadly speaking, the midpoint of Ayz
and Azz curves correspond to the position of the half-
core, i.e., x = am. In the isotropic case where c
2 = 2/3
irrespective of the temperature, |Ayz| and |Azy| at the
origin coincide with each other. A large difference be-
tween them at x = 0 appears in Fig.4(b) due to the
”anisotropy” value, c = 0.2. This can be understood
from eq.(21) with φ+ = π and φ− = 0. On approaching
the vortex center along the x-axis, Axx decreases. Nev-
ertheless, Axx seems to be nonvanishing even close to
x = 0. It means that the planar state is realized only
in the close vicinity of the origin. Further, the width ξw
indicated in Fig.2(b), i.e., range of y over which Axx lin-
early decreases is large (≃ 0.3) as Fig.5(b) shows. These
behaviors of Axx imply that, in spite of a substantial
size 2am of the half-core pair (see Table 1), the planar
string (wall) expected in the London description in sec.III
is ill-defined when δ = 0.05. In fact, the a-dependence
of ∆F (a) in a > am in Fig.4(b) seems to be different
from the expected linear behavior in a. Therefore, the
half-core structure of the double-core vortex cannot be
identified with a HQV pair in the case of low anisotropy
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FIG. 7: Numerical results for δ = 4.4 at 3(bar). In the figure
(a), the a v.s. ∆F (a) curves are expressed by the blue solid
curve at 0.8(mK) and by the red solid curve at 0.8466(mK)
close to TPB, and they have am = 0.78 (µm) and am = 5.28
(µm), respectively. For comparison, the results (plus and
crossed symbols) in the case with additional vertex correc-
tions (see the text) are also shown. The figure (b) is the
extended view of the red symbols around a = 5.28 in (a).
such that δ = 0.05.
Next, the corresponding results in a case with a mod-
erately strong anisotropy, δ = 4.4, are presented in Figs.6
and 7. The P -T phase diagram and the temperature de-
pendence of the order parameter c of the PdB phase are
given in Fig.6(a) and (b), respectively. Figure 6(a) shows
that a moderately wide region of the polar phase is real-
ized in this case. As pointed out elsewhere [15, 16, 24],
the superfluid transition (right solid) curve is not changed
notably depending on the ”impurity” strength τ−1, while
the TPB(P ) (left solid) curve is sensitive to τ
−1, and
a slight increase of τ−1 remarkably broadens the polar
phase region. In Fig.7(a) and Fig.8, we focus on the
P = 3(bar) case and on the results at the two tempera-
tures, 0.8466(mK) at which c = 0.0456 or c/cM ≃ 0.094)
and 0.8(mK) at which c = 0.214 or c/cM ≃ 0.439, where
cM(P ) is the c value in T → 0 limit at each pressure.
Figure 8(a) and (b) express the spatial variations of
the components of Aµj at 0.8 (mK) in P = 3(bar) when
δ = 4.4. Some clear differences between Fig.8(a) and
Fig.5(a) are seen. First, in the notation of eq.(24), the
following relations are satisfied in Fig.8(a); θ ≃ 0 and
|Axx| ≃ c/
√
2 in x > am, while θ ≃ π/2 and |Axx| = 0 in
0 ≤ x < am. Next, the linearly vanishing behavior of Axx
(red solid curve) on lowering |y| and at x = 0 is seen only
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FIG. 8: The figure (a) expresses the data, at a = am = 0.78
of the blue solid curve in Fig.7(a), of spatial variations of Aµj
components on sweeping along the x-axis and at y = 0. The
figure (b) corresponds to (a) on sweeping y and at x = 0.
Here, the vortex center is at (0, 0).
in a narrow region near the origin so that ξw ≃ 0.1(µm).
In addition, the linear behavior ∆F (a) ∝ a is nicely seen
in a > am in Fig.7 (a) and (b), implying that the pla-
nar string is well-defined and has a length comparable
with the size 2am of the half-core pair. In fact, Fig.7 (a)
and (b) shows that such a linear behavior approximat-
edly obeys the relation S(T )c2a where the T -dependent
coefficient S(T ) slowly increases upon cooling, i.e., a rela-
tion consistent with the London result eq.(27). Further,
except in the vicinity of the half-core, other components
of Aµj than the five nonvanishing ones in eq.(21) can be
regarded as being zero.
Based on these features, in contrast to the δ = 0.05
case, the double-core vortex in δ = 4.4 is consistent with
the description in London limit and can be well regarded
as a HQV pair. However, the origin of this consistency
with eq.(24) cannot be ascribed merely to the growth of
the half-core pair. For instance, the anisotropic growth
of the double vortex core also may occur due to an en-
hanced rigidity. In such a situation expected to occur
in isotropic aerogel [8], the growth of the half-core pair
is accompanied by the corresponding enhancement of the
components of Aµj which are zero in eq.(21) [8], contrary
to the feature seen in Fig.8(a) and (b). The reason why
the double core vortex in the PdB phase in such a mod-
δ 0.05 0.05 4.4 4.4 4.4 300 300
P (bar) 9 9 9 3 3 3 3
T (mK) 1.447 1.469 1.28 0.8 0.8466 0.61 0.6396
c/cM 0.628 0.251 0.391 0.439 0.094 0.363 0.157
am(µm) 0.36 0.6 0.54 0.78 5.28 1.02 6.24
TABLE I: Resulting am values at different temperatures for
various δ-values at 3 and 9(bar). The c/cM-value in each case
is also shown, where cM = c(T = 0).
erately strong anisotropic case is well described by the
London limit seems to consist in the simple structure of
the HQV in c → 0 limit, i.e., in the polar phase. As
shown in Ref.[6], the spatial variations of the order pa-
rameter are surprisingly simple and are well represented
by eq.(24) with c = 0 and Axx = 0 except in the close
vicinity of each HQV. A smaller c-value effectively im-
plying a stronger anisotropy leads to a structure closer
to that in the London limit.
Further, in Fig.7(a), we have also presented the ∆F (a)
v.s. a curves (plus and crossed symbols) in the case where
the O(|∆|4) gradient energy includes all of the vertex cor-
rections accompanied by C, B, and D in eq.(7). The
deviation from the case (crossed symbols) with no such
vertex corrections in the O(|∆|4) gradient energy is neg-
ligibly small, and the resulting am value is not affected
much by including such vertex corrections. Therefore,
we judge that the neglect of the vertex corrections to the
O(|∆|4) gradient terms, mentioned in the beginning of
this section, is valid in all of other results presented here.
Figure 9 (a) and (b) express spatial variations of Aµ,j
for a much stronger anisotropy, δ = 300. Here, to exam-
ine the anisotropy dependences of the obtained results at
the same pressure, we have compared the results at the
same value of the normalized c-value, c(T )/cM, with each
other. Note that c(T )/cM measures the distance from the
polar to PdB transition line TPB(P ). Surprisingly, Fig.8
and Fig.9 are qualitatively similar to each other, suggest-
ing that the δ = 4.4 case already enters the limit of the
strong anisotropy. Nevertheless, the resulting size am of
the HQV pair minimizing the energy at the same pressure
and at the same c/cM-value increases with increasing the
anisotropy δ (see Table I to be given later).
In Table I, examples of our numerical data of the re-
sulting am value (the half of the HQV pair size) are pre-
sented as a function of δ and P . Regarding the pres-
sure dependence, the results in P = 3 (bar) and 9 (bar)
at a fixed c/cM value indicate that the resulting am be-
comes smaller with increasing P . However, it should be
noted that, under a fixed c/cM value, an increase of P
corresponds to an increase of T according to Fig.6(b),
and that, as eq.(28) suggests, am increase upon cool-
ing through not only c/cM but, e.g., the gap amplitude
|∆|(T ).
On the other hand, the c dependence itself of am is not
necessarily understood when comparing with the expec-
tation from the London limit. In fact, the c dependence
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FIG. 9: Spatial variations of Aµj at 0.61(mK) below TPB,
where c = 0.127, at 3(bar) for δ = 300 obtained on sweeping
(a) along the x axis and (b) along the y axis, respectively.
of am is much weaker than that suggested by eq.(28),
and the am value increases only weakly with vanishing
c. Judging from the fact that the linear a behavior of
∆F is seen in Fig.7 (b), this discrepancy deos not seem
to be due to the smallness of the system size. On the
other hand, the logarithmic behavior of eq.(26), which
has been nicely verified in the polar phase [6], is masked
in the present case by the linear behavior eq.(28). Hence,
we cannot clarify whether the contribution corresponding
to eq.(26) is satisfied or not in the present case.
VI. SUMMARY
In this work, we have numerically examined the stabil-
ity of a HQV pair in the PdB phase of the superfluid 3He
in a strongly anisotropic aerogel by assuming the weak
coupling approximation and based on the hypothesis that
the double-core vortex in the bulk B phase corresponds
to the HQV pair in the PdB phase. Due to the weak
coupling approximation, the presence of the PdA phase
in real systems is neglected, and the transition between
the PdB and the polar phases becomes inevitably contin-
uous in the present analysis. However, such a continuous
transition is found at low enough pressures in real sys-
tems [25], and in this sense the present results may be
directly applicable to the experimental situations.
Our main result in the present work is that the double-
core vortex [19, 20] in the PdB phase under a strong
anisotropy can be regarded as a HQV pair described in
the London limit. This is a reflection of the fact that
the HQV in the pure polar phase is well described in the
London limit [6].
In Fig.10, the color maps expressing the spatial distri-
bution of the squared amplitude of the order parameter∑
µ,j |Aµj |2 are presented for different anisotropy values.
In δ = 0.05 (top figure), the planar string (wall) is ill-
defined, and the two half-cores, i.e., the two HQVs, are
connected rather by a broad region with a diminished
amplitude of the order parameter. In contrast, with in-
creasing the anisotropy, the two HQVs tend to be con-
nected only by a thin planar string on which the ampli-
tude of the order parameter is faintly diminished, and
each core of HQVs becomes sharper. In this manner, the
description in the London limit becomes better for larger
anisotropies.
Here, the present result will be compared with the ex- perimental result in Ref.[7], where the HQV pairs in the
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FIG. 10: Spatial profiles of the squared amplitude of the order
parameter, i.e.,
∑
µ,j
|Aµj |
2 in the x-y plane in the cases of
δ = 0.05 (top), δ = 4.4 (middle), and δ = 300 (bottom). The
c-value is 0.5 in the top figure. The middle figure corresponds
to Fig.8, while the bottom one corresponds to Fig.9. A dim
string representing the planar wall connecting the two HQVs
is seen in the middle and bottom figures, and the core size of
each HQV is found to become smaller with increasing δ.
PdB phase have been detected. To understand the struc-
ture of the resulting HQV pair better, we have estimated
the width of the planar string ξw (see Fig.2(b)). Broadly
speaking, this length is etimated by comparing the mass
term and the gradient one of O(A2xx) with each other
to be of the order of ξ(T )/c [7, 10]. From the numeri-
cal data, ξw will be defined by assuming that the y de-
pendence of Axx close to the origin is approximated by
c tanh(y/ξw)/
√
2 [7] (see also eq.(21)), As shown in Table
II, ξw indeed grows with decreasing c/cmax, though the
δ 0.05 0.05 4.4 4.4 4.4 4.4 300 300
P (bar) 9 9 9 9 3 3 3 3
T (mK) 1.447 1.469 1.28 1.33 0.8 0.8466 0.61 0.6396
c/cM 0.628 0.251 0.391 0.058 0.439 0.094 0.363 0.157
ξw(µm) 0.2 0.286 0.073 0.121 0.105 0.226 0.092 0.299
TABLE II: Resulting thicness ξw of the planar (Kibble) wall
obtained based on the definition given in the text at different
temperatures for various δ-values at 3 and 9(bar).
c dependence is apparently weaker compared with the
relation mentioned above. The deviation from the c−1
dependence seems to be resolved by noting that both c
and ξ(T ) are T -dependent. On the other hand, the δ
dependence of ξw is not anticipated easily and is found
only through the present numerical analysis. Table II
suggests that, with increasing δ, the aspect ratio 2am/ξw
becomes large enough to make the planar string a rigid
and well defined object. We note that this ratio is in-
versely proportional to c, reflecting the proximity to the
polar phase in which the HQV pair is infinitely long with
no dipole energy neglected in the present analysis.
The results on the vortex energy shown in Figs.4 and
7 imply together with the data in Table I that the size
of the HQV pair, am, is highly sensitive to the c-value.
On the other hand, according to Ref.[7], huge HQV pairs
have appeared in the PdB phase in spite of a reasonable
T dependence of c corresponding to
√
2q there (see Sup-
plementary Fig.5 in Ref.[7] which is qualitatively compa-
rable with Fig.6(b)). It is an evidence of the presence
of a strong pinning effect in real systems supporting the
huge HQV pair in the nematic aerogels [7].
In the experiment under rotation [1], the rotation axis
has been fixed to the anisotropy (polar) axis, which is
the z-direction in our notation. Further, as mentioned
above, the vortices created under a rapid quench [7] are
also pinned along the polar axis because the mean free
path for the quasiparticles is the longest in this direction.
Thus, it is possible that, if rotating the aerogel with a
rotation axis perpendicular to the polar axis, a pinning
of the resulting vortices to the aerogel structure amy be
avoided. Then, the shrinkage of the HQV pair upon cool-
ing might be observed in such a situation. There is an-
other motivation regarding a study of HQVs extending
along a direction perpendicular to the polar axis. Re-
cently, NMR measurements for 3He in a nematic aerogel
squeezed by 30 percent in a direction perpendicular to
the polar axis have been reported [24]. There, it has
been found that the l-vector in the chiral PdA phase is
largely directed along the squeezed direction. In this sit-
uation, the Majorana fermions may remain stable [26] in
the core of a HQV in the PdA phase. For these reasons,
it will be valuable to extend the present study on HQVs
to the situation with the vortex axis perpendicular to the
polar axis.
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VII. APPENDIX A
In this Appendix, details of the pairing vertex cor-
rection due to the impurity scattering and of the coef-
ficient of each term in the resulting GL free energy are
explained.
The impurity scattering potential does not carry the
Matsubara frequency, and consequently, the correspond-
ing self energy term can be incorporated through the re-
placement of the Matsubara frequency |ε| with
|ε˜p| = |ε|+ 1
2τ
〈w(p− p′)〉p′
= |ε|+ 1 + (δ
−1/2 − 1)θ(1− δ)
4τ
( tan−1(δ1/2(1− p))
+ tan−1(δ1/2(1 + p)) ) (31)
(|p| < 1), where p = p · zˆ/pF, 〈 〉p implies the average
over the polar angle cos−1(p).
The coefficients composing the vertex part Λ are given
in the form
(
B0 D0
∆B ∆D
)
=
1
2
(
1− Id11 −δ−1(Id10 − Id11)
−δ(3Id12 − 4Id13) 1− 3Id11 + 7Id12 − 4Id13
)−1(
e1 −Id21 + 2δ−1C0(Id20 − Id21)− e1
e2 2C0(3Id21 − 7Id22 + 4Id23)− e2
)
(32)
where
e1 = Id21 + δ
−1(Id21 − Id20), (33)
e2 = δ(3Id22 − 4Id23)
− 3Id21 + 7Id22 − 4Id23, (34)
and
C0 =
1
d
,
C21 =
−Id31 + Id32 + δ−1(Id30 − 2Id31 + Id32)
d2
,
C1z = 2dC21 − 2
d
(B0(Id21 − Id22)
+ ∆B(Id20 − 2Id21 + Id22)), (35)
C2z =
1
d
((2 + C0)(Id31 − Id32)− 2D0(Id21 − Id22))
− 1
dδ
((2 + 3C0)(Id30 − 2Id31 + Id32)
+ 2∆D(Id20 − 2Id21 + Id22)). (36)
Further,
d = 1− 2(Id11 − Id12),
Idmn =
〈
1 + (
√
δ − 1)θ(δ − 1)
(2|ε˜p)mτ(1 + δp2)n
〉
p
. (37)
Among these coefficients, the |ǫ| dependences of C0−1
and B0 are presented in Fig.11(a) and (b), respectively.
Here, f = XC0, g = πXB0/τ , and X = 4τ |ε|/π.
Broadly speaking, the functions f and g decrease for
smaller δ-values. Since, more or less, we focus on the
temperature range in which 2τ |ε| ≫ 1, any impurity-
induced vertex corrections become negligible in our nu-
merical analysis.
Next, the coefficients in the GL free energy are given
by
α =
1
3
N(0)
[
ln
(
T
Tc0
)
+ 2πT
∑
ε>0
(
1
|ε| −
3
2
(I10 − I11)
)]
,
αz =
1
3
N(0)
[
ln
(
T
Tc0
)
+ 2πT
∑
ε>0
(
1
|ε| − 3I11C0
)]
, (38)
where
Imn =
〈
p2n
|ε˜p|m
〉
p
, (39)
14
   
f
ǼޓǸǭ㨨㨨0   ޓ2   4

1
1 01
01
01 㧙
01
  ޓ2
  ޓ4
 
g 1 01 01
1 01
01 㧙
ǼޓǸǭ㨨㨨0   ޓ2   4
  0.2
  0.4
  0.6
  0.8
ޓ1
FIG. 11: (a) f ≡ XC0 v.s. X curves for δ = 1 × 10
10 (top),
300, 30, 4.4, and 1 × 10−10 (bottom), where X = 4τ |ε|/pi.
Note that f obeys 1+X in δ →∞, while it approaches X in
δ → 0 limit. (b) g ≡ piXB0/τ v.s. X curves corresponding to
those in (a). In δ →∞, g obeys 1/(1+X), while it approaches
2/[3(1 + piX/2)] in δ → 0 in agreement with eq.(9).
β
(0)
3 = −2β(0)1 =
πT
8
N(0)
∑
ε>0
(I30 − 2I31 + I32),
β
(0)
2 = β
(0)
4 = −β(0)5 = β(0)3 −
πT
64τ
N(0)
×
∫ 1
−1
dp1
∫ 1
−1
dp2
∑
ε>0
(1− p21)(1− p22)
ε˜2p1 ε˜
2
p2(1 + δ(p1 − p2)2)
(1 + (
√
δ − 1)θ(δ − 1)),
βz = −3
2
(β
(0)
3 + 2β
(1)
3 ) +
πT
2
N(0)
∑
ε>0
C40I32 −
πT
64τ
N(0)
×
∫ 1
−1
dp1
∫ 1
−1
dp2
∑
ε>0
(1− p21 − 2p21C20 )(1 − p22 − 2p22C20 )
ε˜2p1 ε˜
2
p2(1 + δ(p1 − p2)2)
(1 + (
√
δ − 1)θ(δ − 1)),
β
(1)
3 = −2β(1)1 = −β(0)3 +
πT
2
N(0)
∑
ε>0
C20 (I31 − I32),
β
(1)
2 = β
(1)
4 = −β(1)5 = β(1)3 +
πT
64τ
N(0)
×
∫ 1
−1
dp1
∫ 1
−1
dp2
∑
ε>0
(1 − p21)(1− p22 − 2p22C20 )
ε˜2p1 ε˜
2
p2(1 + δ(p1 − p2)2)
(1 + (
√
δ − 1)θ(δ − 1)), (40)
K2 =
πTv2
16
N(0)
∑
ε>0
(I32 − 2I31 + I30), (41)
K3 =
πTv2
16
N(0)
∑
ε>0
(−5I32 + 6I31 − I30), (42)
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K1 = K2+
πTv2
4
N(0)
∑
ε>0
[(I20−I21)B0+(I21−I22)∆B],
(43)
K4 = −K2 + πTv
2
4
N(0)
∑
ε>0
[(I31 − I32)C0 − 8I11C21],
(44)
K5 = 2K3 +
πTv2
8
N(0)
∑
ε>0
[(3I21 − I20)B0 + (3I22 − I21)∆B
+ (I20 − I21)D0 + (I21 − I22)∆D + 2(I31 − I32)(C0 − 1)
− 8I11C1z ],
K6 = −7K3 + πTv
2
4
N(0)
∑
ε>0
[(3I21 − I20)D0
+ (3I22 − I21)∆D + (5I32 − 3I31)(C0 − 1)− 8I11C2z
+ 3I31 − I30]. (45)
VIII. APPENDIX B
Here, possible effects of the pairing vertex correction,
peculiar to the anisotropic scattering, on the O(|∆|4) gra-
dient energy arising from the Fermi liquid repulsive inter-
action will be discussed. In our previous work [6], such
a vertex correction was not taken into account there by
assuming a weak anisotropy.
Since, in the present work, only a straight vortex line
extending along zˆ is considered, the gradient does not
have to include its z-component ∂z in the gradient terms.
Then, the only vertex correction in the FL-corrected gra-
dient terms is the factor C0 − 1 accompanying Aρz in
eq.(29). For instance, the terms including Aµz in the
first line of eq.(29) have to be replaced by
=
N(0)
225
Γs1(πv)
2
[(
T
∑
ε>0
1
ε3
C0
)2[
(∇ · Aµ)(∇ ·A∗λ)A∗µzAλz + (Aλ · ∇)A∗λz(A∗µ · ∇)Aµz
]
+
(
T
∑
ε>0
1
ε3
)(
T
∑
ε>0
1
ε3
C20
)[ ∑
j=x,y
(∇Aµz) · (∇A∗λj)A∗µzAλj + c.c.
]
+
(
T
∑
ε>0
1
ε3
C20
)2
(∇Aµz) · (∇A∗λz)A∗µzAλz
]
. (46)
As can be seen in Fig.11, however, C0(ε)−1 remains al-
most zero irrespective of the δ-value except at low enough
values of 2πTτ and is quantitatively negligible in the tem-
perature region where 2πTτ ≫ 1 is satisfied. Therefore,
we can proceed our analysis without incorporating the
impurity-induced vertex correction to the pairing pro-
cess in the FL gradient term even in the limit of strong
anisotropy.
In another gradient terms stemming from the ”Gor’kov
box”, i.e, the ordinary weak-coupling O(|∆|4) term un-
accompanied by a repulsive interaction between quasi-
particles, the vertex corrections other than C0 − 1 are
also present. As shown in sec.V of Ref.[6], this weak-
coupling diagram does not contribute to the stability of
HQVs in the polar and A phases irrespective of how the
gradients operate onto the order parameter fields. Fur-
ther, as explained in relation to Fig.7, the weak coupling
O(|∆|4) term plays only negligible roles for the stability
of a HQV-pair occurring in the B phase.
One of the authors (R.I.) is grateful to Vladimir
Dmitriev and Bill Halperin for useful discussions. The
present work was supported by JSPS KAKENHI (Grant
No.16K05444).
[1] S. Autti, V. V. Dmitriev, J. T. Makinen, A. A. Soldatov,
G. E. Volovik, A. N. Yudin, V. V. Zavjalov, V. B. Eltsov,
Phys. Rev. Lett. 117, 255301 (2016).
[2] K. Aoyama and R. Ikeda, Phys. Rev. B 73, 060504(R)
(2006).
[3] V. V. Dmitriev, A. A. Senin, A. A. Soldatov, and A. N.
Yudin, Phys. Rev. Lett. 115, 165304 (2015).
[4] G. E. Volovik and V. P. Mineev, JETP Lett.24, 561
(1976).
[5] M. M. Salomaa and G. E. Volovik, Phys. Rev. Lett. 55,
1184 (1985).
[6] N. Nagamura and R. Ikeda, Phys. Rev. B 98, 094524
(2018).
[7] J. T. Makinen, V. V. Dmitriev, J. Nissinen, J. Rysti, G.
E. Volovik, A. N. Yudin, K. Zhang, V. B. Eltsov, Nature
Communication 10, 237 (2019).
16
[8] N. Nagamura and R. Ikeda, arXiv:1905.02569.
[9] V.V. Dmitriev, A.A.Soldatov, and A.N.Yudin, Phys.
Rev. Lett. 120, 075301 (2018).
[10] G. E. Volovik, JETP Lett. 52, 358 (1990).
[11] G. E. Volovik, JETP Lett. 109, 499 (2019).
[12] I. A. Fomin, JETP 127, 933 (2018).
[13] P. W. Anderson, J. Phys. Chem. Sol. 11, 26 (1959).
[14] N. R. Werthamer, in Superconductivity Vol.1 (ed. by R.
D. Parks, Taylor and Francis, 1968).
[15] V. B. Eltsov, T. Kamppinen, J. Rysti, and G. E. Volovik,
arXiv:1908.01645.
[16] R. Ikeda and M. Tange, arXiv:1908.10712.
[17] S. Yang and R. Ikeda, J. Phys. Soc. Jpn. 83, 084602
(2014).
[18] T. Ohmi, T. Tsuneto, and T. Fujita, Prog.Theor.Phys.
70, 647 (1983).
[19] E. V. Thuneberg, Phys. Rev. B 36, 3583 (1987).
[20] M. M. Salomma and G. E. Volovik, Rev. Mod. Phys. 59,
533 (1987).
[21] D. Volhardt and P. Wolfle, ”The Super uid Phases of
Helium 3” (Taylor and Francis, 2002).
[22] E.V. Thuneberg, S. K. Yip, M. Fogelstrom, and J. A.
Sauls, Phys. Rev. Lett. 80, 2861 (1998).
[23] M. A. Silaev, E. V. Thuneberg, and M. Fogelstrom, Phys.
Rev. Lett. 115, 235301 (2015).
[24] V. V. Dmitriev, M. S. Kutuzov, A. A. Soldatov, A. N.
Yudin, arXiv:1911.01193.
[25] J. Rystia, A.N. Yudinb, J. T. Makinen, V.V. Dmitriev,
and V.B. Eltsov, presented in QFS2018.
[26] D.A.Ivanov, Phys. Rev. Lett. 86, 268 (2001); G. E.
Volovik, JETP Lett.70, 609 (1999).
